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We give a Wolff Theorem in the quasi-Banach case that improves that known
before for the Banach case. We include an application of this result to scales of
interpolation spaces.  © 2000 Academic Press

INTRODUCTION

In 1982 Thomas Wolff published in [19] a sort of converse of the

reiteration theorem for the real and complex method. Since then Wolff

theorem has been a matter of study for several authors, see [ 16, 6, 8, 15, 20].

In [6] Cobos and Peetre extended Wolff theorem to a multidimensional
context. More precisely they gave a Wolff theorem for maximal and mini-
mal Aronszjan—Gagliardo functors and specialized this general result to
Sparr’s methods (see [18]) in the Banach case. A different approach is
given to cover the quasi-Banach case. In that paper is suggested that an
extension of Wolff theorem to Fernandez’s spaces (see [14]) could be
made.
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The polygons methods were introduced by Cobos and Peetre in [7].
These methods coincide with Sparr method when the polygon is the sim-
plex (N =3) and with Fernandez’s spaces when the polygon is the unit
square (N =4).

In 1992 Cobos and one of the present authors gave, in the Banach case,
a Wollff theorem for the polygons methods, in the case of three or four ver-
tices. The main obstacle to extend the theorem to polygons of an arbitrary
number of vertices was the reiteration theorem. The quasi-Banach case for
the polygons method remained open, see [8].

In Section 1 we include a reiteration result, Theorem 1.3 (which was
independently stated by Ericsson, see [ 13]), relating methods associated to
different polygons. This result allows us to forget about the hypothesis on
the parameters. This advantage in the reiteration theorem, not to have to
pay attention to the hypothesis on the parameters, allows us to extend
Wolff theorem to polygons of any number of vertices and any number of
intermediate spaces.

We also extend to the polygons methods recent maximal and minimal
descriptions, in the sense of Aronszjan—Gagliardo for the classical real
method for couples in the category of quasi-Banach spaces, see [4] and
[ 17]. These descriptions support the arguments given by Cobos and Peetre
in [6] to establish Wolff Theorem in the category of quasi-Banach spaces.

In Section 2 we give some applications of Wolff theorem studying scales
of interpolation spaces. We adapt the definition of interpolation scale made
by Cobos and Peetre in [6] to the polygons methods, and treat two ques-
tions made there for scales of interpolation spaces. More precisely, we show
that certain types of scales can be pasted together and that we can fill in
the gaps generated by this join.

1. THE METHODS ASSOCIATED TO POLYGONS

We start describing the interpolation methods associated to polygons.
Subsequently let 77= Py, .., Py be a convex polygon in the affine plane R?
with vertices P;=(x;, y;), j=1, .., N. Let A={A,, .., Ay} be a Banach
N-tuple. That is to say, a family of N Banach spaces all of them con-
tinuously embedded in a common linear Hausdorff space. It is useful to
think of the space 4; of the N-tuple A as sitting on the vertex P; of /1.

Given ¢, s>0 and ae 2(A) we define the K-functional of @ as

N
K(t, s, a; /T)=inf{z s’ ||ayll 4 a=ar+ -+ +ay, ajeAJ}'
j=1
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This provides a family of equivalent norms on the sum X (A). Now given
(o, f)eInt IT and 1 < g < oo the K-interpolation space A4, ) .. x 1S formed
by all those elements in X(A) for which the norm

. 1/q
HaH(a, B, q;K: < Z (2_m_ﬂnK(2m9 2}1’ a; A ))q>

m,ne”Z

if finite. If ¢ = o0

lallx, gy, co; k= SUP {2_m_ﬁnK(2m; 27 A)}.

m,neZ

We also have a family of norms on the intersection, A(A)=A, N --- N
Ay, defined by means of the J-functional

J(t,s,a; A) = max {1%s” HaHA}
1<j<N

for t,5>0 and ae 4(A). Given (a, f)eInt IT and 1 <g< oo the J-inter-
polation space A, 4, .., is formed by all those elements a € X(A4) which can
be represented as a=3",, .z U,, , (convergence in X (A)) verifying that

1/q
<Z (2—em=FBnjom 2n, U, ,,))q> < 0.

The norm being

1/q
HaH (o, B), q; J = lnf {(Z (2—ocm—[1’nJ(2m’ Zn’ um, n))q> }

where the infimum extends over all representations of a as above. In case
g = oo we replace the sums by sup as before.

These definitions can be extended to the category of quasi-Banach linear
spaces. We work with N-tuples of quasi-Banach linear spaces. In fact in this
case the definition makes sense for any value of the parameter ¢ > 0. For
these values of the parameter ¢ the functionals |- ||, g) 4 x and |-l g, 4: 7
are quasi-norms. Subsequently we will work in the context of quasi-Banach
linear spaces.

In contrast with the classical real method, where J- and K-interpolation
methods coincide with equivalence of norms, J- and K-spaces do not
necessarily coincide for the polygons methods, instead we have the
continuous inclusion

Awprgs D Awp.ax
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for (o, f)eInt IT and 0 <g<oo. When J and K-method coincide on an
N-tuple 4, we say it has the J-K equivalence property.

Let B={B,, .., By} be another quasi-Banach N-tuple. By an operator
T:A— B we mean a bounded linear operator T:X(A)— X(B) whose
restriction to A; defines a bounded linear operator 7: 4,— B;, 1 <j<N.
Let (o, f)eInt Il and O<g<oo, if T:4— B then the interpolated
operators

T Awpax™ Baprax
T A g7 Bapass
are bounded. The following estimate, that can be found in [9] for

1 < g < oo and Banach tuples, also holds for 0 < ¢ < co and quasi-Banach
tuples.

_ _ < c; c; <
1Tt g Bmns <, Jnax TG 5 170G 5 171 55 (1)
— — < C; C; Ck
1Ty B < Jpax TG s WT1G 5 1T1% 55 (2)

where 7, 4 is the set of all triples (i, j, k) such that («, ) belongs to the
triangle P;, P;, P, and (c;, ¢;, ¢;) are the barycentric coordinates of («, f)
with respect to the points P;, P;, Py.

The resulting interpolation space by these methods is only known in a
few special cases. In fact in many usual cases these interpolation spaces can
only be described in terms of sums and intersections of spaces, see [12]
and [ 13]. The following is an example where the interpolated spaces by the
polygons methods can be identified.

ExampLE 1.1. Let II=P,---Py be our convex polygon, P,=(x;, y;),
and for some 0<gq,, .., gy < oo consider the following N-tuple of scalar
sequence spaces over Z

(¢

91

(2_)‘1"‘—)’1")’ /qz(z_xzm—h")’ il (2_me_YNn)).

> Yqy

Then for (o, ) € Int IT and 0 < ¢ < oo we have

(/th(z T yjn))(u, Bra;d = (/qj(z T yjn))(ot, Bra; K™ /q(z 7am*ﬁn)
with equivalence of norms.

The description of the interpolated space when we work with arbitrary
weighted Lebesgue spaces is not of this simple type, see [12], [13],
and [9].
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Next we give a reiteration theorem relating methods associated to
different polygons, see also [ 13]. Given a quasi-Banach N-tuple, a convex
polygon IT and a point Q = («, §) € Il we say that an intermediate space X,
with respect to the N-tuple A4, is of class €,(Q; A) if Vxe A(A), ||la| y<
Ct=*s=PJ(t,s;a; A). The space X is of class %x(Q; ) if VxelX,
K(t, s;a; A) < Ct*s? |a| x (where the constant C is independent of a). X is
of class €(Q; A) iff it is of both classes, 6x(Q; A) and %,(Q; A). For
example for every interior point Q of II, the spaces Ay, ., and A, . x are
of class %(Q; A); for each vertex P;, A, is of class 4(P;; A); for every
boundary point Qe P;, P, ., O=(1 —6) P,—+0P,-+1, (0<0<1), the space
(A;, Aiy1)o, 4 18 Of class €(Q; A).

ProposiTiON 1.2. Let II=P,,..,Py be a convex polygon and
A={A,, .., Ay} a quasi-Banach N-tuple. Let Q,, ..., O,y be M points of IT
defining a convex polygon, II' (with non empty interior), inside II, say
Q;=(a;, ;). Consider M quasi-Banach spaces, X, .., Xy, such that
X, €%(Q;, A). Let («, B) be an interior point of the polygon II'=0,,..,0.y
and0<q<oo then

11 mw g
A(oc N (X5 XM)(oc,ﬂ),q;J (X5 s XM)(oc,lf),q;K
11
L)A(m B a K-

Proof.  We give the proof for the sake of completeness. We prove the

first inclusion. X;e€%,(Q;, A) for 1<;j<M. This implies that for all
acA(A) and all m,neZ

25BN al < CH2, 2%, @ A).
Since {(«;, ﬂ])} -2 | are precisely the vertices of the polygon /1’ we can write
J'(2m 2" a; X) < CJ(2™, 2" a; A), Vae A(A)

where J'(1, s, -; X) stands for the J-functional associated to II’. This gives
us the continuous inclusion

AH

s X

o B i - (3)

We turn now to the third inclusion. Let a € X;. Since X; € 6x(Q;; A) we
have the inequality

sup 29" EnK(2™ 2", a; A)<C|\a|\X

m,neZ
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In particular, we have that for all m,neZ, 1< j<M and ae X;

K(27,2", a; A) S C29" A" |lal ..

Let b=b;+ --- + by, €2(X), then

M M
K2 2", b A)<C Y K27 2" b A)<C Y. 29757 by | .

Jj=1 Jj=1

Taking infimum over all possible representations of b we obtain

K(2™ 2" b; A) < CK'(2™, 2", b; X), VYheX(X)
where K'(t, 5, -; X) stands for the K-functional associated to IT'. This shows
the inclusion

- .
Xep.ax = Aawp.ax- 4)
Now inclusions (3), (4) and the inclusion X{- , ., —X{T , . give the
theorem. ||

The following theorem is a straightforward application of the preceding
result.

THEOREM 1.3. Under the same hypothesis as in Proposition 1.2 it yields
that if the N-tuple A satisfies the J-K equivalence property we have

Al X

—_ YT
(0, B),g = (. B, q

Recently I. U. Asekritova and N. Ya. Krugljak have proved that (the
multidimensional) Sparr J- and K-methods have the equivalence property
when they deal with function lattices, see [1].

The K and J methods associated to polygons can be described by
maximal and minimal interpolation functors in the sense of Aronszajn—
Gagliardo, see [ 2]. When we restrict ourselves to Banach N-tuples this was
done by Cobos and Peetre in [ 7]. However, if we deal with quasi-Banach
tuples the maximal description of the K-method does not work since it
relies on the Hahn-Banach Theorem. Recently Bergh and Cobos gave a
maximal description for the classical real method for couples in the
category of quasi-Banach spaces, see [4]. Following them we outline this
result in the case of the polygons K-method.

Let T be a mapping from a quasi-Banach space A into the scalar
sequence space R’ where [ stand for some set of indexes. We say T is
quasi-sublinear (QSL) with constant C>1 if
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(1) T(a+b)<C(T(a)+ T(b)), a,be A
(i) T(Aa)=AT(a), LeR ., ae A.

(the inequalities must be understood coordinatewise).

Let A4 be a quasi-Banach N-tuple with quasi-norm constant C
(C=max{C;} where C; stands for the quasi-norm constant of the space
A;). Let II= P, .., Py be our convex polygon with vertices P;=(x;, y;).
Consider the N-tuple

/.

[ee)

— {/w(2x1m+y1n)’ /w(2x2m+y2n)’ ey /w(szm+yNn)}.

Given C>1 we define 2.(4,7,) as the collection of all those quasi-
sublinear operators T: X(A4)— R% whose restrictions to 4;,, 1<;<N
define quasi-sublinear operators 7 4;— /(257%™ with quasi-sublinear
constant C. We put

1T z, 7= max{ | THAi,t’OO(Z'"Xi*"yi); ir1,.., N}
Given (o, ) €Int IT and 0 < g < oo we define the space
HC[/oor /q(z o ,Bn)](g)

as the collection of all those a € X(A) such that T(a) € /(2" ") for any
Te9:(A,7,). We also define the quasi-norm

lal 7, =sup{ I Tall ;- T€2e(A, Ls), [ T 1.7, <1}

The description of the K-method as a maximal method is given by the next
result.

PrROPOSITION 14. Let II= be a convex polygon and let A be a
quasi-Banach N-tuple with quasi-norm constant C. For every (o, f§) € Int IT
and 0 < g < oo we have that

Hellos 027" MUA) = A7 4 ok

with equivalence of quasi-norms.

The proof is similar to that in [4].

Recall that if (A4, ||-]|4) is a quasi-Banach space with constant C, then
|-l 4 is equivalent to a p-norm with p verifying that (2C)?=2. For this
reason we can consider our quasi-Banach N-tuple as a p-Banach N-tuple.

The J-method associated to polygons can be described as a minimal
interpolation method in the category of quasi-Banach spaces. In the case of
the classical real method for couples this was done by Mastylo, see [17]
and [11]. We adapt Mastylo’s description to the N-tuples case.
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Let X be a quasi-Banach N-tuple such that the dual of quasi-Banach
space 3 (X) is separating (total in the terminology of [17]) and let X be
a non-trivial quasi-normed space such that X<»3Y (X). Fix some
0<p<1. Then for any quasi-Banach tuple A define the p-orbit space
9(X; X)(A) as the set of all elements ae’ (A4) for which there exists a
representation of the form

with convergence in X(A4), where T, € (X, A), x,, € X and

o] 1/p
<Z (Tl % 7 l1x, IX)”> < o0.

1

This space is endowed with the norm

a0 =i (S 0T, ex el

1

where the infimum extends over all representations of a as above. Clearly
II- Hg(x x)(4) 18 a p-norm on the space g(X X)(A4) and %(X X)(-) is an
1nterpolat1on functor on the class of all p-Banach tuples, see [17].

Associated to the polygon I7= P4, ..., Py consider the following tuple of
sequences spaces

Zp: {/p(z—xlm—yw), /p(z—xzm—yzn)’ " /P(z—me—yNn)}‘ (5)

With the help of this tuple we characterize the J method associated to I7
as a minimal interpolation method.

ProPOSITION 1.5. Let A be a p-Banach space N-tuple, let (a, ) €Int IT
and 0 < g < oco. Put r=min{p, q}, then

A py a7 =G L Lps L2777~ ](4)

P> 7q
with equivalence of norms.

The proof follows the lines of that in [17] for the real method for
couples.
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2. WOLFF THEOREM

In order to establish Wolff Theorem we need some preliminaries. First of
all we extend estimates (1) and (2) for norm of the interpolated operator to
the case of quasi-sublinear operator between K-spaces.

PROPOSITION 2.1. Let X be a quasi-Banach N-tuple and Y be a
quasi-Banach lattice N-tuple. Then every bounded QSL operator T: X — Y is
also a bounded operator T: Xgy ,. x— Yo p. k. Moreover, if we put M;=
1T x, vy, for 1 <i<N then we have the inequality

IT: Xg pox—= Yo px| SCV™' max {MGM9Mir} (6)
; P (i j k) e, 4
where %y is the set of all triples (i, j, k) such that Q belongs to the triangle

P;, P;, P, and (c;, c¢;, ¢;) are the barycentric coordinates of Q with respect
to the points P;, P;, P, and C is the quasi-sublinearity constant of T.

Proof. It suffices to show that for every ¢, s>0, 4, x>0 and xe X(X)
we have that

_ t _
K(t,s, Ta; Y)< CV~' max {A%u”M;} K<,S, a; X>.
I<j<N A u
If x=X%, x; with x;€X,; we have that T(x)<C¥~'>¥ | T(x;) which
implies that for 1 <i<N there exists y; € Y;, verifying that 0 < y, < T(x;)
with T(x)=CV~' 3N | y.. Now

Kits, () 1)< OV 3 i (3 (5)

i=1

N1 N s\ i
<cvy /Ut<> <ﬂ> 1Ty, v I

i=1

t\% /[ s\7i
<chN! MM, - - Al x
s w3 (5" () v
This gives the desired inequality. Now follow the proof given by Cobos,
Schonbek and one of the present authors in [9] to conclude the result. ||

We introduce the notion of F-interpolation space.

DEFINITION 2.2. Let A={A,,.., Ay} and B={B,..,By} be two
interpolation N-tuples and let X={X, .., X}, ¥ =1Y1, ..., Yar} be two
M-tuples of intermediate spaces with respect to 4 and B respectively. For
every k=1,., M, let @#1I, ={1,..,N} and J, ={1, .., M}. Assume that
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for k=1, .., M, the spaces X, and Y, are interpolation spaces with respect
to the tuples ((Ai)ielk: (Xj)jejk) and ((Bi)ielka (Yj)jeJk)'
We say that X, and Y, are F, relative interpolation spaces if for every

operator T: A — B which acts also X — Y we have

IT: X = Yl S Fylmax { Tl 5} max (Tl b)) ()
iel} jeJy

where F,:R?% >R, is an homogeneous non-decreasing positive real
valued function of two variables verifying that lim,, _, , F;(u, 1) =0.

Now we set conditions to state Wolff Theorem. Let I7=P,, ..., Py be a
convex polygon and let A ={A4,, .., Ay} a quasi-Banach space N-tuple.
Let {X,, .., X3} be M intermediate spaces with respect to the N-tuple A
and Q,, ..., Q,, be M points in Int /7. We can imagine each space X, as sit-
ting on the point Q,. For each 1 <k < M consider a convex polygon 17,
whose vertices are in the union { Py, .., Py} U {0y, ..., Q,, verifying that
O, € Int IT,. Each polygon I, defines two sets of indices, I, = {1, .., N}
and J, = {1,.., M}. An index je I, if P;is a vertex of IT,. Similarly, jeJ,
if Q; is a vertex of IT,. We also assume that each polygon /7, has at least
one vertex in the set { Py, .., Py}, ie., I, # .

PROPOSITION 2.3. Let A={A,,.., Ay} and B={B,, .., By} be two
quasi-Banach N-tuples and let X={X{, .. Xps}, Y={Y1, ., Yy} as in
Definition 2.2. Assume that for some 0 <q;< 0, 1 <j<M

Xk Q)(*’Zlks XJ,()Hk and (Elka YJk)IQY:)

[EmiNN Y
Ope» 9 k k

9q

(both spaces are obtained by the same K or J-method). Then X, and Y, are
F, relative interpolation spaces with respect to A and B. Further, even if we
consider QSL operators T: A — B, where B is a quasi-Banach lattice N-tuple,
then the above inequality (7) for the norm of the interpolated operator by K
method holds.

Proof. We restrict first to linear operators. Put /1, =S\, .., Sy, the
explicit vertices of 11, the involved tuples being

(Alka XJk) = {le s ZMk}
(Blka YJk) = { Ula (131 UMk}

Then if T: X(A4) — A(B) we have the following estimate for the norm of the
interpolated operator,

IT: X, = Yol <max{TIg , ITIS , ITIS ) (8)
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where the maximum extends over all triples (r, s, ¢) such that Q, lays in the
triangle S,, S,, S, and (c,, c,, ¢,) are the barycentric coordinates of Q, with
respect to the vertices of the triangle (note that at least two of these
coordinates are nonzero).

If {Q),.., 0, are the vertices of a convex polygon, each triple
(S,,S;,S,)=7 contains at least one vertex P, of II. Let a(k, 7 ) be
the sum of the barycentric coordinates of Q) relative to those vertices
of 7 which are vertices of [I, a(k, 7 ) is positive, and hence a(k)=
min - {a(k, 7)} is positive. So the function

F(u, v) = u*®p! ==k

makes X, and Y, F, relative interpolation spaces.

In case {Q,, .., Q) ) are not the vertices of a convex polygon we have
to use a different argument. Choose a triangle 7, =S, ,, S5 ,, 53 (or
7,==51,1,S51,2 if O, lays on a side of the triangle) containing Q, and
realizing the maximum of inequality (8). If some vertex of 77 is a vertex of
11 we repeat the above argument, if not, all the points S ,, r=1, 2, (3), are
of the form Q, , €{0,, .., Q). We repeat the procedure for these points.
Choose triangles 7, ,, 7, ,, (7, 3) such that Q, , € 7, ,forr=1, 2, (3) and
realizing the maximum of inequality (8) i.e.,

1T, , v, <max{ITI% o, ITIS o 1T o}
=TI, ITIET HTH”M ,

1, r3

(here the maximum extends over all triples (u, v, w) such that the point
0., lays in the triangle S, S,, S,,). If the vertices S, , ;, for r=1,2,(3)
and j=1,2,(3), all belong to {Q,, .., O} we repeat the process and
define a new generation of triangles 7; , ; with r=1,2,(3) and j=1, 2, (3).
This process ends at the mth generation if one of the triangles of this
generation has one of the P;’s as a vertex (with nonzero corresponding
barycentric coordinate). Thus we define a martingale (S; ;) in the plane
with m>1 and i;=1, 2, (3). For each index, (iy, .., i,,,) we have a system of
positive coefficients ¢; > 0 verifying that

R .

Since the set of the Q,’s and the P;’s is finite,

0<e=inf{|S"—S"|;S"#S8"€{Q;’s} U{P/s}}
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and so

inf {5,

m; iy, .., i

-8 } =e

1o v By 1 zl,.A.,zmH

As a consequence the maximal number, 71, of generations of the martingale

(S;,..; ) is bounded by 1/¢*(diam IT)>. To see this, fix P a vertex of /1. We
have
2
Z Cily iy 15 J 1P — Sil,..,, imfl,jH
Jj=1,2,(3)
2
= HP_SI‘I,...,im_lH
2
+ Z Cityosiy 15 HSil,..., Q15 J HSil,...,imfl_Sil,.‘., zmH
Jj=12,(3)
2 2
= HP_Sil,.A.,im_IH +é&
Hence
sup HP_Sil,...,imH2> sup HP_Sil,...,im_lH2+82> e =me.
iy e By B s By

Since P is a vertex of /T and S; ., €{Q;s}uU{P/’s} we have the
inequality

(diam IT)? = me>.

So the process is finite and the last generation of the martingale (S; ;)
contains at least one vertex P; of I1. For m <m we have that for some j
Si...i,=0;. For simplicity put M;=||T: X; — Y;|. Using inequality (9)

recursively we have for m < m
1 2] 3
M <SMOMOMS
L1 ‘L2 €, 3) €1 €2 €,3)2 €31 €32 €3,3)¢3
<(M1’1M1,2M1,3) (Mz,1Mz,zMz,3) (M3’1M3’2M3’3)

<< ] M

. . s v Iy
iy d

where y; . =c;c; g0 >0and 3 iyt Vit iy = L Assume
that P,=S, _,  ,, then

M <IT: 4; - Bl ~mmax{[|T| z 5, | Tll g, ¢} '~ in.

R
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Hence
M <[|T: A; — B,
xmax{|T|z 5 |Tlg g}~ ain]%nin- |\T|\1A—,’_)_f"l’-«~im71
=||T: 4; - B;|1-~a-11
xmax{ | T g 1Tl g, g} 0~ emsin 100 Fncin o [ T 7

<|IT: 4; = B[ i max{ | T|| g, g [Tl g g} ' ~7noin-rot.

Let 0 be the least nonzero barycentric coordinate of all points Q)’s with
respect to a triangle .7 with vertices in { Q,’s} U { P;’s} (J >0 since it is the
minimum of finite set of positive numbers). Then, y, , > 0™ > (= 7®
=0,>0. Hence

J, —
M <|T| % gmax{ | T| 55 1T ¢} '~

and the functions

Fy(u, v) =u® max{u, v}' =%
makes all the spaces X,’s and Y,’s F, interpolation spaces.

The proof for the K-method when we deal with QSL operators acting
from a quasi-Banach N-tuple into a quasi-Banach lattice N-tuple is
completely similar. ||

The following lemma can be found in [6], Lemma 1.3.
LemmaA 2.4. Assume that X, and Y, are F, relative interpolation spaces

for k=1, .., M. Then every operator T:X(A)— A(B) acts from X(X)—
A(Y) and

max {||T: X, > Y, [l} <C|Tl 5 5.

I1<ksM

THEOREM 2.5. Assume that for 1 < j<M and 1 <q,, ¢, o, Gar < 0

X;= (AI,X) or .—(AI,X)

0. a7 Q) 4 K

Then if A satisfies the J-K methods equivalence property we have for
I<jsM

XA”

94"
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Proof. Let 0<p<1 such that all the involved spaces are p-Banach
spaces and p < ¢, ..., ¢,,. Using the description of the J-method as a minimal
interpolation functor we have the following inclusions

GLL(K), £, (2= 0N (A, X, )= (A, X,) % X,

qu

where the tuples /;(k) are the corresponding sequence spaces associated to
the polygons I7, as in equality (5). On the other hand

G LK), £, (272N (£,(k) = (4,(k)) gt .

— /qk(z {(m, n), Qk>)

E) qk(

(by Example 1.1)

By Proposition 2.3 7, (27<"-2>) and X, are F, relative interpolation
spaces, relatively to /, and A. Then apply Lemma 2.4 and follow [6] to
obtain the inclusion

G lps 1,27 02) |(A) = X,

P’q

Now choose C>=1 such that all the spaces involved are quasi-Banach
spaces with constant C. From the hypothesis we have the inclusions

Xie S Hcllo(k); 4, (27 ) )(A,, X,

for 1 <k < M. Taking into account that 7 is a Banach lattice N-tuple and
that the spaces X, and 7, (27 <" %) are F interpolation spaces, even
if we deal with QSL operators T:A—/,, we can apply Lemma 2.4 and
proceed as in [6] to show

Xie S H el log; £,,(27 <0 ) ](A).
Now use these inclusions and the equalities of the hypotheses
= (Elja _J])g g J or Xj: (glja /‘_/J])H’

together with reiteration theorem to conclude the proof. ||

3. INTERPOLATION SCALES FOR THE POLYGONS METHOD

We adapt the definition of interpolation scales given by Cobos and
Peetre in [11] to the polygons methods.
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DEerFINITION 3.1. Let © be an open subset of R% Let ¢: Q2 — R be an
(0, 0] valued function on € such that 1/ is affine. In particular
/o =(1—0)/p(x,)+ 0/p(x,) wheneverx, x,, x, € 2,0<0<landx=(1—10)
X1+ Ox,.

Let % be a topological linear Hausdorff space. By an interpolation scale
over £, contained in %, we mean a family of quasi-Banach spaces {4}, c o,
all continuously embedded in %, which is closed for interpolation, i.e.,

Ax = (Axl» sza ey AxN)x, @(x)

whenever x, x;, X5, .., Xy €2, {X, X,, .., x5} form a convex polygon and
xelIntconv{xy, .., xy}.

ExampLE 3.2. Let IT=P,, .., P, be a convex polygon in R? and let
A={A,, .., Ay} be a quasi-Banach N-tuple satisfying the J-K equivalence
property. If 1/p: Int IT— [0, c0) is an affine mapping, then

{4 p. oo p)) (@ premers
is an interpolation scale.

Proof. Let x, xq, .., xp,€lntll, x,, .., x,, forming a convex polygon
and xelnt conv{xy,.. x,}. Then the reiteration result, Theorem 1.3
shows that
:Ax,(p(x):Ax' I

Subsequently we shall deal with interpolation scales associated to
polygons. J- and K-methods agree as in the example. We consider the
following question asked in [6]. Can overlapping interpolation scales be
pasted together?

Let {A(u ), oo B)} (o, f) < Tnt n,» be the interpolation scale associated to the
N-tuple 4, the polygon I7, and the affine function . Let { B, ), ga, )} (. py 10t 17,

(Ay, o A

xp0 0 xM)x, @(x)

be the interpolation scale associated to B, IT, and the affine function ¢. We
say that both scales overlap if:

1. Both scales are embedded in the same linear Hausdorff space.

2. Intll,nIntIl,#

3 /T(u ﬁ) @, ﬂ)ZE(o( ﬂ) ¢(a ﬁ)’ d ﬁ)elntnlmlntnz

4. The spaces agree on the vertices, ie., If II,=0,, .. O, and
Q;elnt I1,, then B;,= AQ o0y- Similarly for the vertices of I7;, if
Q,€{P,, .., Py}, say Q;=P,, then B,=A4,.

Clearly, if the scale A and B overlap, the functions ¢ and ¢ coincide on
an open set of R? (see [10] and note we can assume without loss of
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generality that the intersections are not closed in the corresponding sums).
Thus, 1/p and 1/¢ agree on an open set of R?. Since the latter are affine
functions, they agree on R? and are [0, co) valued on the convex hull of
II, and IT,.

Assume that the scales 4 and B overlap. We will find an interpolation
scale containing both scales. Let /7 be the convex polygon generated by all
vertices of /7, and I7,,

II=conv{P, .. Py, Q.. Oy} =Ry, ..., R,.

Let us define the tuple C={C,, .., C,} where the C; is the space corre-
sponding to the vertex R;. Assume that all the spaces of 4 and B are
intermediate spaces with respect to C and that the tuple C verifies the J-K
equivalence property. Consider the interpolation scale

C= { Co, B). (o, /f)} (o, f)eInt I7

ProrosITION 3.3. If all vertices of Il, and II, (all the P’s and the Q’s)
are either on the vertices of II or in the intersection of II, and Il, then the
interpolation scale C pastes together the scales A and B; further, C fills in
the gaps between the two polygons I1, and II,.

Proof. (a) Assume first that if Q; is not a vertex of /I, then
Q; elnt I1,, and similarly, if some vertex of I7,, say P;, is not a vertex of
11, then P, elInt I1,.

An easy application of Wolff theorem shows that all the points in the
intersection (including the vertices) are generated by the N-tuple associated
to 11, see Fig. 1.

Now let (a, f)elInt I1, (or (a, ) e Int I1,). We can choose a triangle I
with vertices in II, = IT and in the intersection Int 77, n Int I7, such that

FIGURE 1
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(o, p)eInt 7. A straightforward application of the reiteration theorem
shows that

=7

A(fx, B p(a, ) (o ), (o ) = C(m B). p(a. B)

(b) General case. Allow some vertices of I1, to lic on the boundary
of IT, and viceversa. We distinguish three possible kinds of these points,
say P, edll,.

1. P,e(Q;,0;,,,) and P, |,P, , are separated by the line
(QJ" Qi+1)~

2. P,e(Q,,0;,y) and P, ,,P;,, are in the same half-plane
determined by the line (Q;, O, ;).

3. P;=Q, for some j.

We aim to rid of these types of points and reduce the problem to a).

First we deal with the points of the 1st kind. Here one of the points
P,_,, P,., (say P;,_,) belongs to the same half-plane as Int /7, n Int 7,
with respect to the line (Q;, Q;, ). Choose P; € (P,, P;_,) close enough to
P, so that the line (P;, P,;) does not contain any vertex of I7,. Clearly P;
belongs to Int I7,. The modified polygon I1;=(P,, .., P;,.., Py) still
contains all the vertices of /7, which where in I7,, see Fig. 2.

We eliminate in this way successively all points of first kind of I7,, and
then those of 77,.

Then similar arguments, according to the corresponding figures, (Figs. 3
and 4), show us how to modify the polygons in order to rid of the points
of the second and the third kind.

Iterating these processes for both /7, and I7, we find alterations, /7, and
IT,, of the polygons I7, and I1, resp., verifying that

\. 1,1, I, <1,.
2. conv(Il, uIl,))=conv(Il, U II,).

P
Q; o Qj+1
Pi/
P4

FIG. 2. Points of the Ist kind.
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Q; P; Qj+1 Qi B Qj+1 Pigr
I 10
P, Qj+2

FIG. 3. Points of the 2nd kind.

3. Int [, contains all the vertices of I7, not in I7, and Int /7,
contains all the vertices of I/, not in /1.

Apply (a) to show that the result holds for the interpolation scales, A
and B associated to the polygons /7, and I7, respectively. The reiteration
theorem shows that these scales coincide with the scales 4 and B over
Int /7, and Int /7, resp. Note that the modified polygons I7, and /7, can be
choosen arbitrarily close to the original ones 7,, resp. I1,; so we can make
IT, - I, and II, — I, (for Hausdorff distance) to obtain the desired
result.

If the polygons /7, and 17, do not satisfy the hypothesis of Proposition 3.3,
we can find ourselves in the following unpleasant situation.

ExampLE 34. Let I7,={(0,0),(1,0),(0,1)} be the simplex and
consider the triple 4= {7,/ (27™),/,(27")}. Let A be the interpolation
scale associated to this triple and the affine function ¢ =1 (constant func-
tion). Choose now the polygon I1,={(3, 3), (3,3), (1, 1)} and the triple
B={/,(2-Wm=2m g (2=CHm=2m g (2-m=m)} (see Fig. 5). Let B
be the interpolation scale associated to I7,, B and the affine function ¢ = 1.
Both scales overlap. However, due to its bad position, we can not obtain

FIG. 4. Points of the 3rd kind.
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FIGURE 5

the space 7..(2>*"~'*") by interpolation from the tuple C= {/;, £,(2~"),
£,(277), £,(2="=")} and the polygon 17 = {(0,0), (1,0), (0, 1), (1, 1)} with
the affine function ¢ = 1.

Remark 3.5. If the ¢, space were £, (2~ m=(2m) placed at the
point (3, 1) everything works out fine.

In those cases in which polygons 77, and 7, do not satisfy the hypothesis
of Proposition 3.3 there must exist points in the vertices of /7, and I7, that
are not on the vertices of /I, nor in the intersection Int /7, nInt I7,.
Despite of that, these points lie in Int /7. Further, since they are points of
II, or IT, we can assure that each one of these points lies in the interior
of a triangle with vertices in those of I7, which also are vertices of 77, in
the intersection Int 77, nInt I7,, and in the vertices of I, which are
vertices of I1.

PROPOSITION 3.6. Assume that the spaces in the above described vertices
can be obtained by interpolation with respect to the corresponding triangles
and the affine function ¢. Then the interpolation scales can be pasted
together.

Proof. 1Tt suffices to show that all the spaces in the vertices of I7, and
I1, that are not vertices of I7 can be obtained by interpolation from the
tuple C and the polygon I1.

Let V,, .., V, be the spaces on the vertices of I7, and II, that are not
vertices of IT and let I, ..., I, the spaces in the intersection associated to the
V’s (according to the hypothesis). All these spaces are intermediate with
respect to the tuple C. By hypothesis, the s can be obtained by triangular
interpolation between the C’s and the I’s. Also the points in the inter-
section, the I's, can be obtained by interpolation between the }’s and
the C’s.
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Apply Wolff Theorem 2.5 to show that the V”’s and the I’s can be
obtained by interpolation from the C’s. That is to say, we can generate all
the spaces on all vertices of I7, and IT, not in IT by interpolation from C.
Now apply reiteration theorem, as we indicated before, to show that C
contains scales 4 and B. ||

An Extension of Proposition 3.3

Let us call class of uniqueness a class ¥ of quasi-Banach spaces
continuously embedded in the same ambient space %, which is stable under
classical real interpolation and satisfies moreover Lion’s uniqueness
property: if A= (A,, A;) and B=(B,, B,) are two couples in % satisfying
the equalities 4, , = By, , and 4y , =B, , for some 0 <0, <0, <1 and
qo- ¢1 >0, then the equality 4, ,= B, , holds for all 0 <0< 1 and ¢ >0.

For example the class of all Kothe function spaces over a given measure
space (L2, .o/, 1) is a class of uniqueness, see [ 1], Corollary 4. Note that
members of a class of uniqueness satisfy a more general Lions type unique-
ness property, namely:

Lemma 3.7.  Let II be a convex polygon and A, B two interpolation scales
defined on II (we assume J-K equivalence property for A and B relatively
to IT).

Suppose that the spaces of A, resp. B, associated with the vertices of I1
belong to a given class of uniqueness €. Then the whole scales A, B are
included in €. Moreover if A and B coincide over an open subset U of II,
they coincide on the whole of Int I1.

Proof. (a) We suppose first that I7 is a triangle P,, P,, P,, and that
U is a subtriangle P,, Q,, Q, (where Q, € Py, P,, Q, € Py, P,).

Recall that for every line segment parallel to one of the sides of 77, say
OR with Q=(1—0)Py+0P,, R=(1—0) P,+ 0P, for some (0<0<1)
and every point Pe OR, say P=(1—p) QO+ pR (0<p<1), see Fig. 6, we
have

Ap, gy =X, g(p)

where /\_/: (Xo, X1), Xo=1(4,, Az)e, q(P)> X, =(4,, AZ)H,q(P) (see [18]).
Hence Ap ,p belongs to the class % (and the interpolation scale 4 is
included in %).

Similarly Bp =Y, ,p with Y=(Yy, ¥,), Yo=(Bo, Bo)o yry Yi=
(B, B,)g, 4 and B is included in 4.

Since A and B coincide on U we see that for every 0 <60 <6, and
0<p<po(0) we have X, ,=Y, , (a priori for some g =¢(0, p) but in fact
for every ¢ by reiteration). By uniqueness property we deduce X, , =7, ,
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P

Py Q1 P,
FIGURE 6

forall 0<p <1, ie., Ap ,= B, , for every Pe(Int IT) n B where B is the

band parallel to the edge P,, P, generated by U. B B
Reasoning now with parallels to the edge P, P,, we see that 4, , =B, ,
for every PelInt /1.

(b) We consider now the case of a general polygon /7 and a non
empty subset U. Let O be a distinguished point of U, see Fig. 7. We may
suppose that O belongs to the interior of some triangle .7~ with vertices in
the set of vertices of /7. The space A, 0, assignated to the point O by the inter-
polation scale 4, is also obtained by real Sparr interpolation from the spaces
at the vertices of .7, hence belongs to % by the preceding. Similarly for B, o).

Py

Po P2

P,

FIGURE 7
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We partition the polygon 7 into triangles 7, = O, P, Pl, J,=0, P, P,,
v In=0,Py, Py. Let XP=(A0 40y, Ak, Ax 1), Y =(Bo, y0)» B
B, . ). By the Reiteration Theorem, we have for every P e Int ,:

i
4 P, q(P)

=X®OF p  and  BY p,=Y*

P, q(P) P q(P)

By the preceding we have X © 7k, = Y® 7k, e C. Hence the interpolation
scales coincide on (J, Int( Jk) w1th values in €.

If P belongs to one of the segments O, P,, k=0, ..., N it can be represented
as barycenter of three points of (J,Int (Z;); using the Reiteration
Theorem once more, we have the equality

A7 RII
Ap gy =Brar € |

ProrosiTiON 3.8.  Let I1,, 11, be two polygons with (Int I1,) n (Int I1,)
# & and let I =conv(Il, U I1,).

Let A, B be two overlapping interpolation scales associated respectively
with I1, and II,, with values in a given class of uniqueness €. We suppose
that J-K equivalence property holds for each of the tuples associated by A
and B with the vertices of 11, I1,, I1.

Then the interpolation scale C (associated with II) pastes together the
scales A and B.

Proof. Let 2 be the closure Int /7, nInt I15; (P;);cy, and (P,);c,, the
vertices of /1, resp. I1,, which are also vertices of /1. Note that (P;);c;, v
(P;);ie1, is exactly the set of vertices of /1.

Let [Ty=conv{(P,);c;, v} and [Iy=conv{(P,);c;, v ?}. Then
Int IT) nInt IT) =Int Z =Int [T, nInt I1, and conv{II} UIl,} =1II. Let
A’, resp. B’ be the interpolation scale associated with I7', resp. IT,, whose
values at vertices of 7', resp. IT,, coincide with those of A4, resp. B. By the
Reiteration Theorem, A’ coincides with A4, resp. B’ with B, at every point
of Int 11, resp. Int IT,.

Note that the polygons /7] and T} satisfy the hypotheses of Proposition 3.3.
(If S is a vertex of I77 which is not a vertex of /7, then S# P,, i€ I,; hence
S is a vertex of 2, and consequently belongs to I7} n IT,). Hence the inter-
polation scale C coincides with 4" (that is with A4) over Int /7] and with B’
(hence with B) over Int I7,. By Lemma 3.7, C coincides with A, resp.
with B, over the whole of Int /7, resp. Int I1,; ie.,, C pastes together
A and B. |

ACKNOWLEDGMENTS

The authors would like to thank F. Cobos for some helpful discussions.



324 FERNANDEZ-MARTINEZ AND RAYNAUD

10.

12.

13.

14.
15.

16.

17.

18.

20.

REFERENCES

. 1. Asekritova and N. Krugljak, On Equivalence of K- and J-methods for (n + 1)-tuples of
Banach Spaces, Studia Math. 122 (1997), 99-116.

. N. Aronszajn and E. Gagliardo, Interpolation spaces and interpolation methods, Ann.
Mat. Pura Appl. 68 (1965), 51-118.

. J. Bergh and J. Lofstrom, “Interpolation Spaces. An Introduction,” Springer, Berlin/
Heidelberg/New York, 1976.

. J. Bergh and F. Cobos, A maximal description for the real interpolation method in the
quasi-Banach case, preprint.

. Yu. A. Brudnyi and N. Ya. Krugljak, “Interpolation Functors and Interpolation Spaces,”
Vol. 1, North-Holland, Amsterdam, 1991.

. F. Cobos and J. Peetre, A multidimensional Wolff theorem, Studia Math. 94 (1989),
273-290.

. F. Cobos and J. Peetre, Interpolation of compact operators: The multidimensional case,
Proc. London Math. Soc. 63 (1991), 371-400.

. F. Cobos and P. Fernandez-Martinez, Reiteration and a Wolff theorem for interpolation
methods defined by means of polygons, Studia Math. 102 (1992), 239-256.

. F. Cobos, P. Fernandez-Martinez, and T. Schonbek, Norm estimates for interpolation

methods defined by means of polygons, J. Approx. Theory 80 (1995), 321-351.

F. Cobos and P. Fernandez-Martinez, Dependence on parameters in interpolation

methods associated to polygons, Boll. Unione Mat. Ital. 7, No.9-B (1995), 339-357.

. F. Cobos and L.-E. Persson, Real interpolation of compact operators between quasi-

Banach spaces, Math. Scand. 2 (1998), 138-160.

S. Ericsson, “Contributions to Real Interpolation Theory,” pp. 1402-1544, Ph.D. thesis,

Department of Mathematics, Lulea University of Technology, 1997.

S. Ericsson, Certain equivalence and reiteration results for the Cobos—Peetre polygon

interpolation method, Math. Scand., to appear.

D. L. Fernandez, Interpolation of 2" Banach spaces, Studia Math. 45 (1979), 175-201.

M. Gomez and M. Milman, Interpolation complexe des espaces H” et théoréme de Wollff,

C. R. Acad. Sci. Paris Série I (12) 301 (1985), 631-633.

S. Janson, P. Nilsson, J. Peetre, and M. Zafran, Notes on Wolff’s note on interpolation

spaces, Proc. London Math. Soc. 48 (1984), 283-299.

M. Mastylo, On interpolation of some quasi-Banach spaces, J. Math. Anal. Appl. 147

(1990), 403-419.

G. Sparr, Interpolation of several Banach spaces, Ann. Mat. Pura Appl. 99 (1974),

247-316.

. T. Wolff, A note on interpolation spaces, in “Proc. Conf. on Harmonic Analysis,

Minneapolis 1981,” pp. 199-204, Lecture Notes in Math., Vol. 908, Springer, Berlin, 1982.

S. V. Kisliakov and Q. Xu, Real interpolation and singular integrals, Algebra i Analiz (4)

8 (1996) [Russian]; english transl. St. Petersburg Math. J. (4) 8 (1997).



	INTRODUCTION 
	1. THE METHODS ASSOCIATED TO POLYGONS 
	2. WOLFF THEOREM 
	3. INTERPOLATIONS SCALES FOR THE POLYGONS METHOD 
	FIGURE 1 
	FIG. 2 
	FIG. 3 
	FIG. 4 
	FIGURE 5 
	FIGURE 6 
	FIGURE 7 

	ACKNOWLEDGMENTS 
	REFERENCES 

